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Given a link L ~ S 3, we describe astandard method for constructing a class l~,  d of 4-coloured 
graphs representing allclosed orientable 3-manifolds which are d-fold coverings of S 3 branched 
over the link L. 
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1. Introduction and notation 
In [3], Ferri describes the construction of a 4-coloured graph representing the 
2-fold covering space of S 3 branched over a link L, from a bridge presentation of L. 
In this paper, we face the analogous problem, in the general setting of d-fold 
coverings, starting from any planar diagram of a link L; note that the two construc- 
tions are substantial ly different, even if d = 2 is assumed. The resulting 4-coloured 
graphs give a representation for all closed orientable 3-manifolds from two different 
viewpoints (Propositions 3.6 and 3.7), as consequences of the well-known Hi lden-  
Montesinos theorem [ 11, 14] and of the existence of universal knots [ 12] respectively. 
Throughout his paper, all spaces and maps are piecewise-linear (PL), in the 
sense of [8] or [18]. Manifolds are always assumed to be connected and orientable. 
We will often identify a ball complex with its associated polyhedron and every 
homeomorphic space. For basic graph theory we refer to [10]. 
* Work performed under the auspices of the G.N.S.A.G.A. of the C.N.R. (National Research Council 
of ltaly) and financially supported by M.P.I. (project "'Geometria delle Variet/t differenziabili"). 
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The term pseudograph includes loops and multiple edges, while a multigraph (or 
simply a graph) allows only multiple edges. 
A (generalized) coloration on a (pseudo-)graph F=(V(F ) ,  E(F) )  is a map 
, / :E (F )~ A, ={0, 1 , . . . ,  n}, for some positive integer n; if F is a graph, 3' is said 
to be proper if y(e) ¢ 3'(f), for each pair e, f  of adjacent edges. 
For each ~_c A,, we set F~ = (V(F) ,  ~ 1( ~)) ;  each connected component of F~ 
is often called an .~-residue. An m-residue is an ~--residue such that the cardinality 
of o~ is m. The symbol g~= denotes the number of ~-residues. For each i c d,,  we 
set /= A,-{i}.  
The pair (F, Y), F being a graph and T :E (F ) -+ k being a (generalized) colo- 
ration, is said to be an n-dimensional crystallized structure if, for each i c k the 
{/}-residues are complete graphs. If all the {/}-residues are of order two, i.e. if 3' is 
proper and F is regular of degree n + 1, (F, Y) is called an (n + 1)-coloured graph. 
If/~ is an oriented (pseudo-)graph and 9: E (/~) --> k,, is a (generalized) coloration, 
the pair (/~, 9) is called an n-dimensional oriented structure if, for every i ~ k, ,  the 
{/}-residues are elementary oriented cycles, possibly of length one or two. 
By deleting all loops in /7(/~) and replacing, for every i~k , ,  each elementary 
oriented i-coloured cycle in/~{i} with a complete graph on the same vertex set, it is 
easy to associate an n-dimensional crystallized structure (F, 3') to every n- 
dimensional oriented structure (/a, .~). Of course, there are, in general, many oriented 
structures associated to a fixed crystallized structure (F, 3'); they can easily be 
obtained by choosing a suitable cyclic ordering of the vertices in each 1-residue of 
F and by reversing the above construction. 
A pseudocomplex [13] is a ball complex such that each h-ball is isomorphic with 
an h-simplex. 
Given a simplex s in an n-pseudocomplex K, the disjoined star std(s, K)  of s in 
K is defined to be the disjoint union of the n-simplexes of K containing s, with 
reidentification of the (n - 1)-faces containing s and of their faces. The subcomplex 
lkd(s, K)  = {r c std(s, K) ls  c~ r = 0} is called the disjoined link of s in K. 
Proposition 1.1 [5]. Every n-dimensional crystallized structure (Jr, T) represents an 
n-dimensional pseudocomplex K(F )  and every m-residue of (F, y) represents an 
(n-m)-dimensional subcomplex of K(F) ;  moreover, (17, y) is an (n+ l)-coloured 
graph iff K ( F ) is a (closed) pseudomanifold [19], which is orientable iff F is bipartite. 
If (F, y) is the crystallized structure associated to the oriented structure (F, "~), 
we set K (F )= K(F) .  
Let K be a homogeneous n-dimensional pseudocomplex satisfying the following 
property: (a) there exists a map ~: So(K)-+ k,,, injective on each n-simplex of K 
(where St(K) denotes the set of the r-simplexes in a pseudocomplex K). The pair 
(K, ~) is called a labelled n-pseudocomplex. 
It is possible to associate an n-dimensional crystallized structure F(K)  to every 
labelled n-pseudocomplex K so that, for each (F, 3'), F (K (F ) )=(F ,  y) [7]; 
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moreover, K =K(F(K) )  iff K satisfies the following property: (b) the disjoined 
star of every simplex of K is strongly connected. A labelled n-pseudocomplex (K, ~) 
satisfying (b) is said to be a representable n-pseudocomplex, since it is uniquely 
represented by an n-crystallized structure. 
If  (F, Y) is an (n + 1)-coloured graph representing a closed n-manifold M, and 
F~ is connected, for some c ~ A,,, it is known [9] that a presentation (X; R) of the 
fundamental group Hi (M) ,  called c-edge presentation, can be obtained in the 
following way: 
- the  generators of X are the c-coloured edges, arbitrarily oriented; 
- the relators of R are obtained by walking along the 2-residues of F~i,c~, for each 
i c A n -{  c}, giving the exponent + 1 or -1  to each generator whether the orientation 
of the 2-residue is coherent or not with the orientation of the generator. 
Note that, ifF~ is not connected, the c-edge presentation ofH~(M) can be obtained 
in a similar way: it is sufficient o complete the relators of R with a minimal set of 
generators such that the corresponding c-coloured edges connect Fe. 
The following construction, given in [1], allows us to obtain an (n + 1)-coloured 
bipartite graph (B,/3) from an (n - 1)-dimensional oriented structure (/a, ,~): 
(a) V(B) = V(F) x{O, 1}; 
(b) for every vertex v~ V(F), join (v, 0) with (v, 1) by an edge a of B and set 
/3(~):n; 
(c) if Yc E(/~) and 4(0)= v, 6(1)= w, join (v, 0) with (w, 1) by an edge e' of B; 
then set ~(e ' )  = ,/(Y). 
The (n + 1)-coloured graph (B,/3) (and its associated pseudocomplex) is said to 
be the bijoin over (F, ~). 
The construction is an adaptation to edge-coloured graphs of a standard construc- 
tion which associates a bipartite graph to every oriented graph [2]. 
Note that the choice of the opposite oriented structure, obtained by reversing the 
orientation of each 1-residue, gives rise to the same graph (B,/3). 
Let (F, y), (F', y')  be (n + 1)-coloured graphs. For a positive integer m (1 <~ m <~ 
n), a map f :  V(F')  ~ V(F) is said to be an m-covering [21] i f f  preserves c-adjacency 
for all c c A,, and is bijective when restricted to m-residues. An (n + 1)-covering is 
an isomorphism. The covering f naturally induces a topological map K ( f ) :K (F ' )  --> 
K (F). An n-covering induces a topological covering between the underlying topo- 
logical spaces, while a 1-covering induces a topological covering branched over the 
(n -2) -subcomplex  of K(F)  whose (n-2) -s implexes are represented by the 2- 
residues of (F, 7) covered by at least one 2-residue of (F', y')  on which f is not 
injective. 
2. The general construction 
Let (F, y) be an (n+l ) -co loured graph representing a closed (orientable) n- 
manifold K(F) .  Suppose F,~ connected and let v be the unique n-coloured vertex 
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of K(F). Let L be the (n-2) -subcomplex of K(F)  represented by a given set of 
{n 1, n}-residues C~,C2 . . . .  ,Ck. We say that (K(F) ,L )  is a branched (n+l ) -  
colouredpair. Note that the (n -  1)-subcomplex D of K(F)  consisting of all those 
(n -  1)-simplexes not containing v (D is represented in (iv, Y) by the n-coloured 
edges) is a "splitting complex" (see [16]) for the pair (K(F) ,  L). 
If P(n)=(X={x l , . . . , x ,} ;R={r l , . . . , r ,} )  is an n-edge presentation of the 
fundamental group I I I (K(F)) and if rt k+l , . . . ,  r, are the relators obtained by 
reading C1 , . . . ,  Ck, it is easy to check that P = (X; R' = {rl . . . . .  rt k}) is a presenta- 
tion (called again n-edge presentation) of I I I (K (F ) -L ) .  
Thus, if Sd denotes the symmetric group on the set Nd = {1,2 , . . . ,  d}, a map 
q~:X ~ Sd such that q~(X) acts transitively on Na and ~v(R')= 1 uniquely extends 
to a transitive representation ~o :H~(K(F)-L) -~ S~ of the fundamental group of 
K(F) -  L in Sd. 
The existence of a one-to-one correspondence @ between transitive representa- 
tions o) of FI~(K(F)- L) in Sd and d-fold covering spaces of K(F) branched over 
L, is well known (see [6]). 
We now define an (n + 1)-coloured graph (/~, ~) such that K(/~) = 4)(~o). (/~, ~) 
is obtained by the following rules: 
- set V(/~) = V(F) x Na ; 
- fo r  each c~ An 1 and i~ Nd, join (v, i) with (w, i) by a c-coloured edge if v, w 
are c-adjacent in (F, Y); 
- jo in (v, i) with (w,j) by an n-coloured edge if in (F, Y) there is an oriented 
n-coloured edge xl from v to w and ¢(xl)(i)=j. 
Roughly speaking, (/~, "~) is obtained by taking d copies of the (connected) 
n-coloured graph F~ and by drawing the n-coloured edges in the way induced by 
the permutations of q~(X). 
Let f :  g(/~)-~ V(F) be the obvious projection defined by setting f(v, i) = v, for 
each v c V(F), i c Nd. 
Proposition 2.1. (a) f :  V(/~) ~ V(F) is a 1-covering; 
(b) K(/~) is the d-fold covering space q)(w) of K(F)  branched over L. 
Proof. The result (a) is straightforward. Moreover, the restriction of f to the 
2-residues of (/~, ~) different from C1 . . . .  , Ck is injective; this proves that K ( /~) -  
(K( f ) ) - I (L )  is an unbranched -fold covering space of K(F) -L .  
The proof of (b) follows by observing that the construction of K(/~) is an 
adaptation to coloured complexes of the "splitting complex" construction yielding 
~(co) (see [16] or [15]). In fact, the result of cutting K(F)  along the (n -1 ) -  
subcomplex D is the n-ball K(F~), represented by the (n + 1)-coloured graph with 
boundary [5] F,~ ; this proves that the d sheets of q~(~o) are isomorphic with K(F~). 
Finally, let cr +, ~r be the two boundary (n -  1)-simplexes of K(F~) obtained by 
cutting K(F) along the (n-1) -s implex o- of D represented by the oriented n- 
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coloured edge x~ of (F, y), and let v (respectively w) be the first (respectively the 
second) vertex of x~. Following [ 15], the "splitting complex" construction identifies 
the copy of cr + belonging to the ith sheet of qS(w) with the copy of or- belonging 
to the ¢(xt)(i)-th sheet of qs(w); this obviously corresponds to the drawing of an 
n-coloured edge joinging the vertices (v, i) and (w, ¢(x j ( i ) )  of(/~, ~). Thus, @(to) = 
K(/~). [] 
Note that, since K is the branch set, ¢ ( r )# 1, for each rcR-R ' .  
A particular situation in which the described construction can be carried out is 
given by a link L = disjoint U~_~ Li (for each i, L~ ~ S n 2) embedded as a subcomplex 
of a triangulation S of S". The existence of a branched (n +l) -coloured pair 
subdividing (S, L) can be obtained by taking the first barycentric subdivision S <t) 
of S and by labelling each vertex v of S ~1) by the dimension of the simplex whose 
barycenter is v. Moreover, the subcomplex L (~) subdividing L is contained in the 
(n -2) -subcomplex  of S ~) induced by all (n-2) -s implexes whose vertices are 
labelled by the colours 0, 1 , . . . ,  n -2 .  Thus, in the (n+l) -co loured graph (F, y) 
associated with S a ), L is represented by a certain set of {n -1 ,  n}-residues. We may 
always suppose Fe (c = n -  1, n) connected, since the cancellation of c-coloured 
dipoles of type 1 [5] does not affect the link L. 
3. Coverings of S 3 branched over links 
In the more particular setting of a link L -  UT=l  Li c S 3 (Li = S 1, Vi ~ Nr), we 
produce, in a standard way, a branched 4-coloured pair triangulating (S 3, L); this 
allows us to represent all closed (orientable) 3-manifolds which are covering spaces 
of S s branched over L by means of 4-coloured graphs. 
Let L be a link with n > 0 crossing points, embedded in S 3 = R 3 <9 {o0} SO that the 
part of L in the plane R 2 = R 2 x {0} is a collection of disjoint arcs c~1,..., c~,, (the 
diagram of L) and the closure of L - U , " l  ai consists of semicircular arcs/3j , . . . , /3n. 
We assume that the labelling of these arcs is such that the sequence cq, /31, . . . ,  c~,,,/3,, 
is consistent with one orientation of each component of L (Fig. 1). The projection 
of L on the plane R 2 can always be assumed to be connected; this is immediate if
L is nonsplitting. If L splits, it suffices to isotope the projection to pass "in and 
out" under arcs of different components. 
Following [20], let C be the contractible 2-complex obtained by starring L from 
a point V situated a suitably large distance below the diagram of L. Thus, the 
singular points of C belong to the edges bi joining V with an inner point Bi of/3~, 
for i6 N,. The points Bi induce a triangulation H of L: let /x~ be the edge of H 
whose vertices are B~_I, B~. Set Ei = V */zi: then OE~ =/.t~ u bi 1 u b~ and the interior 
of E~ contains a number hi (>0) of lines of singular points of (7., corresponding to 
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a 
O; O; 2 
Fig. 1. The figure-eight knot. 
intersections with other Ej's beneath crossing points in c~i. It is evident hat  '~17 1 hi = 
n. The following construction gives a representable 2-pseudocomplex P triangulating 
C (Fig. 2). 
-Label  the vertex V by colour 2 and all vertices Bi by colour 0. 
-Take  the first barycentric subdivision H {1> of H and label all barycenters Ai of 
/*i by colour 1. 
- Subdivide each E'j into 4-gons by joining Ai with all points Bj contained in the 
interior of E~; then triangulate ach 4-gon by its diagonal VAi. Hence, each Ei is 
triangulated by 2(hi + 1)2-simplexes. 
Note that C/So(P) = 2n + 1, #S~(P) = 6n, #&(P)  = 4n (since P is contractible, its 
Euler characteristic is obviously 1). Recall that the n edges VBi are the only 
"multiple" edges of P: in fact, they are faces of exactly four 2-simplexes of P. Since 
P is embedded in S 3, an orientation of S 3 induces a cyclic ordering of the four 
2-simplexes around the same edge VBi. Thus, if ((3, g) denotes the two-dimensional 
crystallized structure representing P, the orientation of S 3 induces a two-dimensional 
oriented structure (G, ~) associated to ((3, g). Let (/7, 3/) be the bijoin over ((~, ~). 
In order to describe the geometrical shape of the graph (F, y), we give the following 
definition: 
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Fig. 2. The representable 2-pseudocomplex P. 
Definition 3.1. An (a, b, c)-graph C' of length 4h is a 3-coloured graph (with colour 
set {a, b, c}) obtained in the following way: 
- take  a cycle C with 4h vertices whose edges are alternately coloured by a 
and b; 
- if ~, ~- is a pair of opposite a-coloured edges in C, then let cz be the involutory 
automorphism on V(C) induced by the symmetry whose axis is the line passing 
through the barycenters of cr and ~'; then, join each vertex vc V(C)  with the 
corresponding vertex c~(v) by a c-coloured edge. 
C is said to be the boundary of C'. A symmetry class is one of the two partition 
classes of V(C) ,  consisting of those vertices which are "on the same side" with 
respect o the symmetry axis. 
It is easy to check, from the properties of P and the bijoin construction, that the 
graph (F, y) can be directly "drawn over" the diagram of the link L. It suffices to 
consider a (3, 1, 2)-graph T'~ of length eight for each undercrossing fli and to draw 
the 0-coloured edges so that each c~j is contained in the interior of the 2-cell bounded 
by the boundary Li (of length 4(hi + 1)) of a (2, 0, 3)-graph Lj (Fig. 3). This ensures 
that (F ,y)  is regularly embedded into S2=R2w{oo} (i.e. there exists a 2-cell 
embedding q~ :IF] ~ S 2 such that each region of q~ is bounded by the image of a 
cycle whose edges are alternately coloured by c, c+ 1 (c ~ Z4)). 
Obviously, the reversing of the above construction allows to "see" the diagram 
U'i'_1% of L in a suitable regular planar embedding of (F, y). 
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Fig. 3. The 4-coloured graph (F, y). 
Proposition 3.2. ( K ( F),  H ~1~) is a branched 4-coloured pair triangulating (S 3, L). 
Proof. Since (/7, 9') can be regularly embedded into S 2, K(F)  - S 3 [4, Corollary 3]; 
moreover, the connectedness of F~ is a consequence of the assumption that the 
projection of L is connected, too. It follows from the construction that the triangula- 
tion H (;~ of the link L is a subcomplex of the 1-skeleton of K(F)  consisting of r 
cycles of total length 2n whose vertices are alternately coloured by 0 and 1. Thus, 
H (1~ is represented in (F, y) by 2n {2, 3}-residues (of length two). [] 
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The following result is well known [17]. 
Proposition 3.3. The group ]]1(S 3 -  L) admits a presentation 
W= (Xl, • . . ,  xn ; r l , . . .  , rn), 
e 1 el (• i  = ql-1), 6 : Nn ~ Nn being a suitable map. Moreover, any one with r i = XiX6 ' ( i )X i+lX6( i )  
of  the ri may be omitted. 
W is the classical Wirtinger presentation; each xi may be thought of as a meridian 
around ai in the n-crossing diagram of L. Note that, if (F, y) is considered as the 
dual 1-skeleton of K(F)~ S 3, such an xi is geometrically represented in (F, y) by 
one of the two {2, 3}-residues of length two belonging to the same i-residue LI. 
We now describe another way (which will be useful later on) to obtain W and 
read each x~ directly from the graph (F, y). Consider the 1-residue L'I of (F, y): in 
this (2, 0, 3)-graph of length 4(h1+ 1), orient the 3-coloured edges so that the set of 
their first vertices and the set of their second vertices are the two symmetry classes 
of L'I. The (2, 0, 3)-graph L'I contains two {2, 3}-residues of length two, one of which 
also belongs to the (3, 1, 2)-graph T'I; let x~ be the oriented 3-coloured edge belonging 
to that {2, 3}-residue. Orient the 3-coloured edge--say x2--opposite to xl in the 
{1, 3}-residue (of length eight) T1 (boundary of T~) so that the orientations induced 
by x~ and x2 on T~ are opposite. The edge x2 belongs to one of the two {2, 3}-residues 
of length two in the i-residue L~; orient all 3-coloured edges in L~ so that their first 
vertices belong to the symmetry class containing the first vertex of x2. 
In this way, we obtain: 
-a  sequence L'~, L~, . . . ,  L', of all i-residues, consistent with the sequence 
a~, o~2,..., a,  of all arcs of L; 
- a sequence x~, x2, • • •, x~ of oriented 3-coloured edges such that each xi belongs 
to one of the two {2, 3}-residues of length two in L[; 
- a  sequence T~, T2, . . . ,  7,, of all {1, 3}-residues (of length eight), consistent with 
the sequence fi~, fi2,. •.,  13~ of all undercrossings of L and such that, walking around 
T, with a suitable orientation, one successively meets four 3-coloured edges, namely 
e .  ! x~, an oriented 3-coloured edge o-~,(n in some L~(~)(e~ = +1 whether or not the 
orientation of the edge is the one induced by T~), Xi+l(mOdl n) and a suitable ~/ )  
in L~n. 
Recall now that, in the 3-edge presentation (X; R) of HI (K(F )  - L), X consists 
of all oriented 3-coloured edges of (F, Y) and the relators of R are obtained by 
reading all 2-residues containing colour 3 but the {2,3}-residues of length two 
representing L. Since all {0, 3}-residues and {2, 3}-residues of this set are of length 
four, and since each of them is contained in some L'~, the above remarks prove that 
all 3-coloured edges in LI determine the same element x~ o f / / l (K ( f f )  - L). Thus, 
(X; R) is equivalent to the presentation (X'; R') ,  where X '  = {x l , . . . ,  x,,} and the 
relators of R'  are obtained by reading the n {1, 3}-residues T~, . . . ,  7,,. 
Finally, the described properties of the sequence 7"1,..., T, prove that (X'; R') 
is just the Wirtinger presentation W of I/1(S 3 -  L). 
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This remark allows to simplify the construction of the 4-coloured graphs represent- 
ing all closed (orientable) 3-manifolds which are d-fold covering spaces of S 3 
branched over L. In fact, if {ri ~. -1 e i , = XiXa'<ilXi+lXa(i~l i e Nn(mod n)} are the relators in 
the Wirtinger presentation of a link Lc  S 3, let ~ = (P l , . - .  ,P,) be an n-tuple of 
permutations in Sj such that: 
- the  subgroup generated by {p l , . . . ,  p~} acts transitively on the set Na; 
~r e .  - -1  - -e j  
- for each i ~ ;v~, PiP,~'(~P~+~Ps(o = 1. 
We call the pair (L, ~)  a d-represented link, since the map ~ : X-* Sd defined by 
q~(x~) =p~ uniquely extends to a transitive representation w of HI(S 3 -  L) in Sd. The 
n-tuple ~ is said to be d-admissible for the link L. 
Let (/~, ~) be the 4-coloured graph obtained by the following rules: 
- set V(/~) - V(F)  × N~ ; 
- for each c e a2 and i c Nd, join (v, i) with (w, i) by a c-coloured edge if v, w are 
c-adjacent in (F, 7); 
- jo in  (v, i) with (w, j )  by a 3-coloured edge if there is an oriented 3-coloured 
edge cr in L~, from v to w and ph(i) =j. 
Let f :  V(/~) -* V(F)  be the projection defined by setting f(v, i )= v. The following 
result is an immediate corollary of Proposition 2.1. 
Proposit ion 3.4. (a) f :  V(F)-~ V(F) is a 1-covering; 
(b) K(/~) is a closed 3-manifold which is the d-fold covering space q)(o)) of  
K (F )  ~ S 3 branched over L. 
Let FL,d be the class of all 4-coloured graphs (/~, ~) obtained starting from a given 
link L, when ~ varies into the set of all n-tuples of permutations which are 
d-admissible for L. 
We recall the following result: 
Proposition 3.5 [11, 14]. Ever), closed 3-manifold M is a simple 3-fold covering space 
orS  3 branched over a knot K. 
As an immediate consequence of the above proposition, we have: 
Proposit ion 3.6. Every closed 3-manifold M may be represented, for some knot K, by 
a suitable graph ofFK,3, obtained from a 3-representation (K, ga) of  K in which all 
permutations are transpositions. 
Finally, the existence of universal knots (for example, the figure-eight knot [12]) 
leads to the following result: 
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Proposition 3.7. I f  K is a universal knot, for every closed 3-manifold M there exists 
a positive integer d and a graph G c FK, d such that K (G)  ~- M. 
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